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FAMILIES OF VARIETIES OF GENERAL TYPE OVER COMPACT BASES
STEFAN KEBEKUS AND SÁNDOR J. KOVÁCS
1. INTRODUCTION
Let f : X → Y be a smooth family of canonically polarized complex varieties over
a smooth base. Generalizing the classical Shafarevich hyperbolicity conjecture, Viehweg
conjectured that Y is necessarily of log general type if the family has maximal varia-
tion. We refer to [KK05] for a precise formulation, for background and for details about
these notions. A somewhat stronger and more precise version of Viehweg’s conjecture
was shown in [KK05] in the case where Y is a quasi-projective surface. Assuming that the
minimal model program holds, this very short paper proves the same result for projective
base manifolds Y of arbitrary dimension.
We recall the two relevant standard conjectures of higher dimensional algebraic geom-
etry first.
Conjecture 1.1 (Minimal Model Program and Abundance for κ = 0). Let Y be a smooth
projective variety such that κ(Y ) = 0. Then there exists a birational map λ : Y 99K Yλ
such that the following holds.
(1.1.1) Yλ is Q-factorial and has at worst terminal singularities.
(1.1.2) There exists a number n such that nKYλ is trivial, i.e., OYλ(nKYλ) = OYλ
Conjecture 1.2 (Abundance for κ = −∞). Let Y be a smooth projective variety. If
κ(Y ) = −∞, then Y is uniruled.
Remark 1.3. Conjectures 1.1 and 1.2 are known to hold for all varieties of dimension
dimY ≤ 3.
The main result of this paper is now the following, cf. [KK05, Conjecture 1.6].
Theorem 1.4. Let Y be a smooth projective variety and f : X → Y a smooth family of
canonically polarized varieties. Assume that Conjectures 1.1 and 1.2 hold for all varieties
F of dimension dimF ≤ dimY . Then the following holds.
(1.4.1) If κ(Y ) = −∞, then Var(f) < dimY .
(1.4.2) If κ(Y ) ≥ 0, then Var(f) ≤ κ(Y ).
Remark 1.5. The argumentation of Section 2 actually shows a slightly stronger re-
sult. If κ(Y ) = −∞, it suffices to assume that Conjecture 1.2 holds for Y . If
κ(Y ) ≥ 0, we need to assume that Conjecture 1.1 holds for all varieties F of dimension
dimF = dimY − κ(Y ).
See Theorem 3.1 below for further generalizations.
Theorem 1.4 and Remark 1.3 immediately imply the following.
Corollary 1.6. Viehweg’s conjecture holds for smooth families of canonically polarized
varieties over projective base manifolds of dimension ≤ 3. 
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2. PROOF OF THEOREM 1.4
2.A. The case where κ(Y ) = −∞. The assertion follows immediately from Conjec-
ture 1.2 and from the fact that families of canonically polarized varieties over rational
curves are necessarily isotrivial [Kov96, Thm. 1].
2.B. The case where κ(Y ) = 0. In this case, we need to show that the family f is
isotrivial. We argue by contradiction and assume that Var(f) ≥ 1. By [VZ02, Thm. 1.4.i],
this implies that there exists a number n and an invertible subsheaf A ⊂ SymnΩ1
Y
of
Kodaira-Iitaka dimension κ(A ) ≥ Var(f) ≥ 1.
By assumption, there exists a birational map λ : Y 99K Yλ as discussed in Conjec-
ture 1.1. Resolving the indeterminacies of λ and pulling back the family f , we may assume
without loss of generality that λ is a morphism, i.e., defined everywhere.
Let Cλ ⊂ Yλ be a general complete intersection curve. Then Cλ will avoid the singu-
larities of Yλ. In particular, the restriction Ω1Yλ |Cλ is a vector bundle of degree
(2.B.1) degΩ1Yλ |Cλ = KYλ · Cλ = 0.
Claim 2.1. The vector bundle Ω1
Yλ
|
Cλ
is not semi-stable.
Proof of Claim 2.1. Observe that the curve Cλ avoids the fundamental points of λ, and
hence that λ is an isomorphism in a neighborhood of Cλ. Setting C := λ−1(Cλ), the
morphism λ induces an isomorphism Ω1
Yλ
|
Cλ
∼= Ω1Y |C . This shows that Ω1Yλ |Cλ cannot be
semi-stable, for if it was, its symmetric product SymnΩ1
Yλ
|
Cλ
would also be semistable of
degree 0. However, this contradicts the existence of the subsheaf A whose restriction to
C has positive degree. 
To end the proof, observe that (2.B.1) and Claim 2.1 together imply that Ω1
Yλ
|
Cλ
has an
invertible quotient of negative degree. In this setup, Miyaoka’s uniruledness criterion, cf.
[Miy87, Cor. 8.6], [KST07] or [KSC06, Chapt. 2.1], applies to show that Y is uniruled,
contradicting the assumption that κ(Y ) = 0.
2.C. The case where κ(Y ) > 0. In this case, consider the Iitaka fibration of Y ,
i : Y ′ → Z . Since the Iitaka model is only determined birationally, we may assume
that there exists a birational morphism Y ′ → Y . Pulling the family f : X → Y back
to Y ′, we may assume that Y ′ = Y , and hence we may assume that there exists a fi-
bration i : Y → Z such that dimZ = κ(Y ) and κ(F ) = 0 for the general fiber F
of i [Iit82, Thm. 11.8]. We have seen in Section 2.B that f |
F
is isotrivial and hence
Var(f) ≤ dimY − dimF = dimZ = κ(Y ). This finishes the proof of Theorem 1.4.
3. FAMILIES OF VARIETIES OF GENERAL TYPE
Using [VZ02, Thm. 1.4.iii], the argumentation of Section 2 immediately gives the fol-
lowing, somewhat weaker, result for families of varieties of general type.
Theorem 3.1. Let Y be a smooth projective variety and f : X → Y a smooth family of
varieties of general type of maximal variation, i.e., Var(f) = dimY . If Conjectures 1.1
and 1.2 hold for all varieties F of dimension dimF ≤ dimY , then Y is of general type.

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